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Chemically Tuned Thin Elastomer Slab

P. Castro-Garay1,2, J. A. Reyes2, and R. Ramos-Garcı́a
1Depto De Óptica, Instituto Nacional De Astrofı́sica, Óptica y
Electr�oonica, Puebla, Pue., México
2Depto Fı́sica Quı́mica, Instituto De Fisica, Universidad Nacional
Aut�oonoma De México, México Df Mexico

We have considered a cholesteric elastomer slab whose thickness is smaller than
fifteen helix periods, immersed in a racemic solvent. We have calculated the reflec-
tance and transmittance of obliquely incident circularly polarized light due to a
cholesteric elastomer slab. We have found that even for such a thin slab there
appears a regime of circular Bragg diffraction for certain values of the nematic
penetration depth. We have also shown that for certain conditions on the solvent,
the elastomer slab behaves as a universal filter. We summarize our work and
address our conclusions.

1. INTRODUCTION

The Bragg phenomenon is shown by a sample of a material whose
electromagnetic constitutive properties are periodically nonhomoge-
neous in the thickness direction. Its signature is very high reflectance
in a certain wavelength-regime, provided the slab is thick enough
to have a sufficiently large number of periods. This phenomenon is
profited to design dielectric mirrors in optics [1].

If the material is isotropic, no dependence of the Bragg phenomenon
on the polarization state of a normally incident electromagnetic wave is
evident. The material must be anisotropic for the Bragg phenomenon to
discriminate between two mutually orthogonal polarization states [2].

Periodicity comes from structural chirality in cholesteric liquid crys-
tals and cholesteric elastomer [3], which exemplify structurally chiral
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materials. Both kinds of materials are continuously nonhomogeneous
in the thickness direction where they show a helicoidal variation of
anisotropy. Because the periodicity arises from structural chirality,
incident electromagnetic plane waves of left- and right-circular polari-
zation (LCP and RCP) states are reflected and transmitted differently
in the Bragg wavelength-regime, and the Bragg phenomenon is then
called the circular Bragg phenomenon. Exhibition of this phenomenon
by cholesteric liquid crystals and chiral elastomers films emphasizes
their use as circular-polarization rejection filters in optics [2,4].

The aim of this work is to analyze the behavior of the optical spectra
corresponding to an elastomer slab whose thickness is smaller than fif-
teen helix periods, immersed in a chemical solvent. In particular, we
like to discern if under this conditions the slab is able to perform as
a as circular-polarization rejection filter.

2. ELASTIC FORMULATION

A cholesteric elastomer has locally a nematic structure. Consequently,
the director vector n̂n ¼ ðcos /ðzÞ; sin /ðzÞ; 0Þ is at x–y plane and /ðzÞ is
the angle between director vector and x axis. The director vector has a
continuous rotation as function of z, which describes a periodic helical
structure characterized by a pitch p (or equivalent by wave number
q0 ¼ 2p=p) [5,6].

The nematic penetration depth in rubbery networks is n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2=D1

p
,

where K2 is the twist elastic constant and D1 is local anchoring of the
director to the rubbery network. The robustness of chiral imprinting
depends on the nematic penetration depth n, which can be controlled
by varying the density of cross-links in the network (affecting D1) [7].

The imprinting efficiency depends on the chiral order parameter
a ¼ nq0, a function of elastic constant K2 and D1. A spectacular pro-
perty of imprinted network is their capacity to preferentially absorb
and retain right or left molecules from a racemic solvent.

When there is not deformation of the network, the energy for an
elastomer formed under a cholesteric solvent which is subsequently
replaced with an achiral one is given by [8],

F ¼ 1

2

Z
K2

d/
dz

� �2

þD1 sin2ð/� q0zÞ
" #

dz: ð1Þ

To remove the chiral solvent, the Frank free energy to twist of
director vector,

Ff ¼
1

2
Kðn̂n � r � n̂nÞ2 ð2Þ

32 P. Castro-Garay et al.
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associated with the first term of the Eq. (1)-tend to unwind the
cholesteric helix but it finds resistance to rotate in the anchoring of the
rubbery network-associate with the second term of Eq. (1). D1 is pro-
portional to rubbery elasticity modulus and the rubbery elasticity
modulus is related with cross-linked density [7]. The scale length
or nematic penetration depth rubbery at which the two energy contri-
butions are comparable is usually small n ’ 10�8 m for a typical
K2 ’ 10�11 J=m, D1 ’ lðr� 1Þ2=r, where r � 0:9 is the anisotropy
chain number or cross-linked number and l ’ 105 J=m3 is the elas-
ticity rubber modulus. The pitch is 103 bigger than nematic pen-
etration depth n, then

n < p ¼ p
q0
: ð3Þ

There are two forms of modifying this expression one of them is by
enlarging the nematic penetration depth which amounts to do a
weaker gel or low anisotropy one, the other is by increasing the Frank
free energy. The chiral impression will be lost if D1 diminishes, i.e., so
that the director vector anchoring to rubbery will be almost null. Simi-
larly, if the wave number q0 or twist elastic constant K2 are bigger the
chiral impression will be also lost. The impression efficiency is reached
for values of chiral parameter order ac ¼ nqo lower than 2=p [8].

Equation (1) can be expressed in terms of nematic penetration
depth parameter as,

F ¼ 1

2

Z
a2

q2
0

d/
dz

� �2

þ sin2ð/� q0zÞ
" #

ð4Þ

The equilibrium configuration can be obtained by minimizing F with
respect to the angle, then we have got the Euler-Lagrange equations,

@/F � @z
@F

@z/

� �
¼ 0; ð5Þ

which in this case turns out to be

a2

q2
0

d2/
dz2
þ sin 2ðq0z� /Þ ¼ 0: ð6Þ

Notice that if a ¼ 0 the solution of Eq. (6) is /ðzÞ ¼ q0z which corre-
sponds to an ideal or undistorted cholesteric helix. The general
solution of Eq. (6) which is given by

/ðzÞ ¼ q0z� Amðcz=n; 1=c2Þ þ p=2; ð7Þ
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where Amðz;mÞ is the Jacobian amplitude and c is a constant related
with the reduced elastic energy [8] g ¼ 2nF=TD1. The variation of
c with the solvent is shown in Ref. [8]. In Figure 1 we show the director
vector angle /ðzÞ against position for different values of chiral order
parameter a and c ¼ 1. It is interesting to note that by increasing a from
zero, /ðzÞ presents oscillations without changing its amplitude, around
the undistorted solution /0ðzÞ whose spatial period increases, until
reaches the critical values: ac ¼ 3 and c ¼ 1. After this value /ðzÞ
deviate considerably from /0ðzÞ and enlarges its effective q-value
for a � ac which is equivalent to have an untwisted helix than that
of /0ðzÞ.

3. OPTICAL DESCRIPTION

Let us consider an inhomogeneous material whose axis of chiral
nonhomogeneity is along the z-axis, the optical relative permittivity
matrix of the elastomer can be expressed

�EEðzÞ ¼
E? þ Ea cos2 / Ea sin / cos / 0
E? sin / cos / E? þ Ea sin2 / 0

0 0 E?

0
@

1
A ð8Þ

FIGURE 1 Director vector angle as function of position for different values of
a ¼ 0; 0:4; 4 and c ¼ 1.
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where Ea ¼ Ek � E? is the dielectric anisotropy with Ek and E? the dielectric
constants in the optical regime parallel and perpendicular to the direc-
tor n̂n, respectively.

Maxwell equations for monochromatic fields of frequency x in MKS
units for a z-dependent medium, are given by

r�Eðx; y; zÞ ¼ ixloHðx; y; zÞ
r �Hðx; y; zÞ ¼ �ixEo�EEðzÞ �Eðx; y; zÞ

)
; 0 < z < L; ð9Þ

where Eo and lo are the permittivity and the permeability of free
space (i.e., vacuum). We shall assume a plane wave which impin-
ges obliquely on the Cholesteric Elastomer. The z-components
of Eq. (9) are algebraic equations that allow to express the
z-components of the electric and magnetic fields Ez and Hz in
terms of the transverse components Ex, Ey, Hx and Hy. Hence,
to develope a complete description of the electromagnetic fields
it is enough to follow a four-component vector formed with these

FIGURE 2 Circularly polarized reflectances RRR and RLL versus wavelength
k for a cholesteric elastomer slab of 10 p. In the absence of solvent (a ¼ c ¼ 0)
(a) h ¼ 45� and (d) h ¼ 60�; for a ¼ 4, c ¼ 0:5 with (b) h ¼ 45� and (e) h ¼ 60�;
and for c ¼ 1, a ¼ 0:2 with (c) 45� and (f) 60�. Other parameters are
E? ¼ 1:91, Ek ¼ 2:22, h ¼ 1 and p ¼ 218 nm.
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quantities, that is

�wwðzÞ ¼ exp½ijðx cos bþ ysinbÞ�

exðzÞ
eyðzÞ
hxðzÞ
hyðzÞ

0
BB@

1
CCA; ð10Þ

where j ¼ k sin h is the transverse component of the wave vector,
b and h are the incidence angles. The first one defined by the
wave vector and the x-axis in the x–y plane and the second one
defined by the wave vector and the normal to the slab.
Notice that in this expression we are explicitly taking a plane
wave dependence for the transverse coordinates x and y.

Inserting Eq. (10) intoEq. (9), we find a setof four first orderdifferential
equations that can then be written in the following matrix form [9].

d

dz
�wwðzÞ ¼ iAðzÞ � �wwðzÞ ; 0 < z < L ; ð11Þ

where the 4� 4 matrix is given by

AðzÞ ¼

0 0 0 xlo

0 0 �xlo 0

�xEo
E13ðzÞE32ðzÞ

E33ðzÞ þ xEoE12ðzÞ xEo
ðE31ðzÞÞ2
E33ðzÞ � xEoE22ðzÞ 0 0

xEoE11ðzÞ � xEo
ðE31ðzÞÞ2
E33ðzÞ �xEoE23ðzÞ þ xEo

E31ðzÞE32ðzÞ
E33ðzÞ 0 0

0
BBBBB@

1
CCCCCA

þ

� j sin bE32ðzÞ
E33ðzÞ

j sin bE31ðzÞ
E33ðzÞ � j2 sin b cos b

xEoE33ðzÞ � j2 sin2 b
xEoE33ðzÞ

j cos bE32ðzÞ
E33ðzÞ � j cos bE31ðzÞ

E33ðzÞ
j2 cos2 b
xEoE33ðzÞ

j2 sin b cos b
xEoE33ðzÞ

j2 sin b cos b
xlo

j2 sin2 b
xlo

� j cos bE13ðzÞ
E33ðzÞ � j sin bE13ðzÞ

E33ðzÞ

� j2 cos2 b
xlo

� j2 sin b cos b
xlo

� j cos bE23ðzÞ
E33ðzÞ � j sin bE23ðzÞ

E33ðzÞ

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
:

ð12Þ

and EijðzÞwith ði; j ¼ 1; 2; 3Þ are the elements of the dielectric tensor given
by Eq. (8).

For undistorted cholesterics it is usual to use the Oseen transfor-
mation defined by

BðzÞ ¼

cos / sin / 0 0
�sin / cos / 0 0

0 0 cos / sin /
0 0 �sin / cos /

0
BB@

1
CCA; ð13Þ
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which for the special case of normal incidence (j ¼ 0) turns AðzÞ out
into a constant matrix so that Eq. (11) can be analytically
solved [10]. Nonetheless, for the general case upon substitution of
Eq. (8) into Eq. (12), this matrix can be written as

AðzÞ ¼

0 0 0 xlo

0 0 �xlo 0

xEo sin / cos / �xEoðE?þEa cos2 /Þ 0 0

xEoðE?þEa sin2 /Þ �xEo sin / cos / 0 0

0
BBBBB@

1
CCCCCA

þ j2

xEoE?

0 0 �sin b cos b �sin2 b

0 0 cos2 b sin b cos b

0 0 0 0

0 0 0 0

0
BBBBB@

1
CCCCCA

þ j2

xlo

0 0 0 0

0 0 0 0

sin b cos b sin2 u 0 0

�cos2 b �sin b cos b 0 0

0
BBBBB@

1
CCCCCA; ð14Þ

Equation (11) can be solved numerically by using a piecewise
homogeneity approximation method.

4. REFLECTION AND TRANSMISSION

By virtue of linearity, the solution of the 4� 4 mastrix ordinary
differential Eq. (11) must be of the form

�wwðz2Þ ¼ Uðz2 � z1Þ � �wwðz1Þ: ð15Þ

The procedure to obtain the unknown reflection and transmission
amplitudes thus involves the 4� 4 matrix relation

fexit ¼ UðLÞ � fentry; ð16Þ

where the column 4-vectors

fentry ¼
1ffiffiffi
2
p

ðrL þ rRÞ þ ðaL þ aRÞ
i½�ðrL � rRÞ þ ðaL � aRÞ�
�i½ðrL � rRÞ þ ðaL � aRÞ�=go

�½ðrL þ rRÞ � ðaL þ aRÞ�=go

0
BB@

1
CCA ð17Þ
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and

fexit ¼
1ffiffiffi
2
p

tR þ tR

iðtR � tRÞ
�iðtR � tRÞ=go

ðtR þ tRÞ=go

0
BB@

1
CCA ð18Þ

contain go ¼
ffiffiffiffiffiffiffiffiffiffiffi
lo=Eo

p
as the intrinsic impedance of free space.

The reflection amplitudes rL;R and the transmission amplitudes tL;R

can be computed for specified incident amplitudes (aL and aR) by solv-
ing (16). Interest usually lies in determining the reflection and trans-
mission coefficients entering the 2� 2 matrixes in the following two
relations:

rL

rR

� �
¼ rLL rLR

rRL rRR

� �
aL

aR

� �
; ð19Þ

tR

tR

� �
¼ tLL tLR

tRL tRR

� �
aL

aR

� �
: ð20Þ

Both 2� 2 matrixes are defined phenomenologically. The co-polarized
transmission coefficients are denoted by tLL and tRR, and the cross-
polarized ones by tLR and tRL; and similarly for the reflection coeffi-
cients in (20). Reflectances and transmittances aredenoted, e.g., as
TLR ¼ jtLRj2.

5. RESULTS

We have calculated the co-polarized reflectance and transmittances of
thin slabs of cholesteric elastomers of thickness 8, 10, and 15 spatial
periods p. We have used the physical parameters of a real cholesteric
elastomer materials [5,11]. In Figures 2–4 we compare RRR and RLL

for thin elastomer slabs in the presence and absence of solvent. As
the elastomer slab gets thinner the band reflection turns out to be less
developed in the absence of the solvent as can be seen in most of these
figures where amplitude reductions are obtained after diminish the
thickness from 15 to 10 periods. Even larger reductions are observed
for oblique incidence.

In Figures 2b and 2e we show RRR and RLL for obliquely incident
light at h ¼ 45� and 60�, which shines an elastomer slab whose thick-
ness is 10 p and which is distorted by a solvent that render the value
a ¼ 4. Figures 2b and 2e show how the amplitude increases by 0.1
and the bandwidth enlarges by ’10 nm with respect to the plots
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FIGURE 3 Circularly polarized reflectances RRR and RLL against k for a
cholesteric elastomer slab of 10 p. In the absence of solvent (a ¼ c ¼ 0)
(a) h ¼ 45� and (d) h ¼ 60�; for a ¼ 0:4, c ¼ 0:5 with (b) h ¼ 45� and (e)
h ¼ 60�; and for a ¼ 0:7, c ¼ 0:5 with (c) h ¼ 45� and (f) h ¼ 60�.

FIGURE 4 Circularly polarized reflectances RRR and RLL as function of k for
h ¼ 33�, a slab thickness of 15p. (a) In the absence of solvent ða ¼ 0Þ and (b) for
a ¼ 0:15, c ¼ 0:5.
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corresponding to an undistorted material (a ¼ 0, c ¼ 0) shown,
respectively, in Figures 2a and 2d. On the other hand, RLL almost
do not exhibit any band reflection. The same changes for RRR can be
attained by setting c ¼ 1 for oblique incidence at 45� and 60� but a very
small amplitude reflection band is obtained for RLL.

Figure 3 shows other examples of circularly polarized filters of 10 p
thickness whose band amplitude and bandwidth are enhanced chemi-
cally by a solvent. From these plots Figure 3b, represents an exception
since for a ¼ 0:4 and h ¼ 45�, RRR diminishes in amplitude and band-
width. In contrast, Figure 3e for h ¼ 60� and the same a, the band
amplitude and bandwidth of RRR enlarges by 15% and 20 nm, respec-
tively. Also Figure 3c exhibits for h ¼ 45� and a ¼ 0:7 a RRR reflection
band corresponding to a distorted cholesteric elastomer whose ampli-
tude and bandwidth has an augment of 10% and 10 nm in comparison
with the undistorted case (a ¼ 0). The Figure 3f shows the same the
Figure 3c, but for h ¼ 60�, there is an increment of 15% in the RRR

reflection band amplitude and 20 nm in its bandwidth.
In Figure 4b for a ¼ 0:15 and thickness 15 p we can observe a

universal filter since both RRR and RLL exhibit the same band reflec-
tions for oblique incidence around 33�. For shorter thicknesses: 10
and 8 the band amplitudes decrease 20% and 40%, respectively. In
fact, this also happens for some other proposed artificial structures
[12] where the longitudinal modulation of the helix is not described
by a function of the type given by Eq. (6), but instead by a harmonic
function whose amplitude is larger than p.

Finally, we have not found reflection bands of any polarization
when the light impinges elastomer slabs thinner than 8 p, whether
the slab is immersed or not in a racemic solvent.

6. CONCLUSIONS

We have calculated the circularly polarized reflectances and transmit-
tances as function of the chiral order parameter of a cholesteric elas-
tomer immersed in a racemic solvent. The presence of the solvent on
a thin slab (15 p, 10 p and 8 p) is able to increase the bandwidth and
amplitude of the band reflection of RRR by keeping RLL without band,
only for incidence angles h � 45� and for a ¼ 4 and c ¼ 1.

We have also exhibited that a 15 p, elastomer slab behaves of a uni-
versal filter, in the sense that presents band reflections for any polar-
ization, for a ¼ 0:15 and h ¼ 33�. This amount to have a chemically
controlled filter which changes from the circularly Bragg phenomenon
to a universal filter because of the presence of the solvent.
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In summary, we have theoretically demonstrated that it is possible
to construct very thin filters immersed in a racemic solvent that
exhibit the circular Bragg phenomenon for oblique incidence.
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